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Abstract
We consider the possibility of the quantum vacuum states in f(R, T ) gravity. Particularly,
we study the Bogoliubov transformations associated to different vacuum states for some f(R, T )
models. The method consists of fixing the f(R, T ) free parameters by requiring the Bogoliubov
coefficients to be minimized. In such a way, the particle production is related to the value of the
Hubble parameter and also the given f(R, T ) model.
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1 Introduction
Recent observational data, such as supernova Ia (SN Ia), Cosmic Microwave Background Radi-
ation (CMBR), Large Scale Structure (LSS) and Baryon acoustic Oscillation (BAO) indicated that
our universe is expanding at an acceleration rate [1, 2, 3]. These observations seem to change the
entire picture of our matter filled universe. It is now believed that most part of the universe contains
dark matter and dark energy [4, 5, 6, 7, 8]. It is well known that general relativity (GR) based on the
Einstein–Hilbert action can not explain the acceleration and expansion of the universe. Thus at large
scale the Einstein gravity model of general relativity break down and a more general action describes
the gravitational field.
There are two approaches to explain the modification of Einstein’s GR. According to the first
approach we modify the right hand side of the Einstein equation, i.e. in the matter sector of the
universe. Some of the popular ones worth mentioning are Chaplygin gas models [9, 10], Quintessence
scaler field [11], Phantom energy field [12], etc. The other approach is based on modification of the
Einstein–Hilbert action, i.e. in the geometry sector of the universe, giving birth to modified gravity
theories. Some of the popular models of modified gravity that came into existence in recent times are
f(R) gravity [13], f(T ) gravity [14], Gauss-Bonnet gravity [15], etc.
In this work we will consider the particle production phenomenon in the context of f(R,T ) model
as the modification of Einstein Lagrangian by introducing an arbitrary function of scalar curvature R
and trace of the energy–momentum tensor T [16]. The dependence of T may be introduced by exotic
imperfect fluids or quantum effects (conformal anomaly). The paper is organized as follow: In section
2, a brief review of modified f(R,T ) gravity theory and its field equations are presented. In section
3, particle production phenomenon in the framework of non–minimally coupled theories of gravity is
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investigated. In section 4, we minimize the Bogoliubov coefficients. In doing so, we constrain the free
parameters of a given f(R,T ) model. Finally in section 5, we present the conclusion.
2 A brief review of f(R, T ) gravity
The f(R,T ) gravity is a modified theory of gravity, in which Ricci scalar R in the Einstein–Hilbert
Lagrangian is replaced by the arbitrary function of R and T (trace of energy–momentum tensor Tµν).
The action for f(R,T ) gravity in the gravitational unit 8πG = c = 1 is given by
S =
1
2
∫ √−g [f(R,T ) + 2Lm] d4x, (1)
where g is the determinant of metric tensor gµν and Lm describes the matter Lagrangian density.
The energy–momentum tensor Tµν , is defined as
Tµν = − 2√−g
δ(
√−gLm)
δgµν
. (2)
We assume that the matter lagrangian density depends only on the metric tensor components gµν so
that
Tµν = gµνLm − 2δLm
δgµν
. (3)
By taking the variation of the action (1) with respect to the metric tensor, we get the field equation
for the f(R,T ) gravity as follows
fR(R,T )Rµν − 1
2
f(R,T )gµν + (gµν− ▽µ▽ν)fR(R,T ) = Tµν − fT (R,T )Tµν − fT (R,T )Θµν , (4)
where fR(R,T ), fT (R,T ) denote the derivatives of f(R,T ) with respect to R and T , respectively.
Here, ▽µ is the covariant derivative and  ≡ ▽µ▽µ is the d’Alembert operator and Θµν is defined by
Θµν = g
αβ δTαβ
δgαβ
. (5)
Using (3) in (5), we obtain
Tµν = −2Tµν + gµνLm − 2gαβ ∂
2Lm
∂gµν∂gαβ
. (6)
The energy–momentum tensor of the matter is given by
Tµν = (ρm + pm)uµuν − pmgµν , (7)
where ρm, pm and um are respectively the energy density, the pressure and the four–velocity of a
perfect fluid. The matter Lagrangian is given by Lm = −pm, so that we have
Θµν = −2Tµν − pmgµν . (8)
Using this in the field equation (4) gives
RµνfR(R,T )− 1
2
gµνf(R,T )− (▽µ▽ν − gµν)fR(R,T ) = Tµν + fT (R,T )Tµν + pmfT (R,T )gµν . (9)
Now, we rewrite this equation to obtain the Einstein–like equation as
Gµν = T
(eff)
µν + T
(curv)
µν , (10)
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where Gµν is the Einstein tensor, T
(eff)
µν is the effective matter energy tensor given by
T (eff)µν =
1
fR(R,T )
[1 + fT (R,T )Tµν + pmfT (R,T )gµν ] , (11)
and T
(curv)
µν is the energy–momentum tensor corresponding to the curvature given by
T (curv)µν =
1
fR(R,T )
[
1
2
gµν
(
f(R,T )−RfR(R,T )
)
+
(
▽µ▽ν − gµν
)
fR(R,T )
]
. (12)
We consider the Friedman–Robertson–Walker (FRW) space–time described by the the metric
ds2 = dt2 − a(t)2( dr2
1− kr2 + r
2dΩ2
)
, (13)
where a(t) is the scale factor and k denotes the spatial curvature. Thus, the 00 and ii components of
the field equation (10) can be written as
3(H2 +
k
a2
) = ρ(eff) + ρ(curv), (14)
(2H˙ + 3H2 +
k
a2
) = P (eff) + P (curv), (15)
where ρ(eff), ρ(curv), P (eff) and P (curv) respectively are
ρ(eff) =
1
fR(R,T )
[(1 + fT (R,T ))ρm + pm] , (16)
ρ(curv) =
1
fR(R,T )
[
1
2
(
f(R,T )−RfR(R,T )
) − 3H(R˙fRR(R,T )− T˙ fRT (R,T ))
]
, (17)
P (eff) = − 1
fR(R,T )
pm, (18)
P (curv) =
1
fR
[
1
2
(RfR − f) + 2H(R˙fRR + T˙ fRT ) + R¨fRR + R˙2fRRR + 2R˙T˙ fRRT + T¨ fRT + T˙ 2fRTT
]
.(19)
The equation of state parameter of curvature is then obtained as
ω(curv) =
P (curv)
ρ(curv)
= −1 + R¨fRR + R˙fRRR + 2R˙T˙ fRR + T¨
2fRTT −H(R˙fRR + T˙ fRT )
1
2(f −RfR)− 3H(R˙fRR + T˙ fRT )
. (20)
3 Particle creation in f(R, T ) gravity
The concept of particle production in an expanding universe has been studied by several authors
[17, 18, 19, 20, 21, 22]. The study of particle creation in a modified gravity necessarily requires one to
consider quantization in curved background [23, 24, 25]. However, in curved space-time the Poincare´
group symmetry is not obeyed, then the definition of particles and vacuum states become ambiguous.
There are two different methods of quantization in curved background. In the first method, the
vacuum is described as an entity for which the lowest–energy mode goes to zero smoothly in the far
future and past, represented by ”out” and ”in” modes with a definite number of particle [23, 26], and
the second method is diagonalizing of instantaneous Hamiltonian by a Bogoliubov transformation,
3
which leads to finite result for the number of created particles [19, 22]. Since any modified gravity
theory such as f(R,T ) or f(R) is a recast of general relativity with some non–minimal coupling
[27], thus in order to derive the rate of particle production we use non–minimal coupled theories of
gravity. For this purpose, we discuss the Bogoliubov transformation in the context of homogeneous
and isotropic cosmology. In this work, we consider the case of f(R,T ) gravity (the case f(R) gravity
has been discussed in [28]).
To construct of the Bogoliubov transformation we restrict our attention to the case of a spatially
flat FRW metric, and a de-Sitter space–time with a constant curvature R0. So, the metric may be
written as
ds2 = dt2 − a2(t)dx2 = a2(η)(dη2 − dx2), (21)
where t is the cosmic time, η = − 1Ha(t) is the conformal time and x ≡ (x1, x2, x3). In the coordinates
(η,x), and by choosing aφ(η,x) = χ(η,x), the action is given by [29]
S =
1
2
∫
d
3
xdη
[
χ′2 − (∇χ)2 − (m2a2 + (6ξ − 1)a
′′
a
)χ2
]
, (22)
where the prime denotes derivatives with respect to η. The equation of motion for χ(η,x) is obtained
χ′′ −∇2χ+ (m2a2 + (6ξ − 1)a
′′
a
)χ = 0. (23)
By expanding the field χ in Fourier modes as
χ(η,x) =
∫
d
3
k
(2π)
3
2
χk(η)e
i(k.x), (24)
and by using the wave vector k ≡ (k1, k2, k3), the equation of motion can be written as
χ′′k(η) + ω
2(η, k, ξ)χk(η) = 0, (25)
which is analogues to the time–dependent harmonic oscillator with frequency
ωk(η) =
[
k2 + a2(m2 + 2f(ξ)H2)
] 1
2 , (26)
where f(ξ) ≡ 6ξ − 1, H ≡ a˙a = a
′
a2 , and
a′′
a = 2a
2H2 = 2η2 . For ξ > 6, the function f(ξ) is
positive–definite and we can define an effective mass Meff as
M2eff
H2
=
m2
H2
+ 2f(ξ). (27)
The frequency ωk(η) is given by
ωk(η) =
√
k2 +
M2eff
H2η2
. (28)
The general solution of equation (25) is [30]
χk(η) =
√
η(AkH
(1)
k,ν(η) +BkH
(2)
k,ν(η), (29)
where H
(1)
k,ν(η) and H
(2)
k,ν(η) are Hankel’s function of first and second kind, respectively. To calculate
the particle production rate, we compare particle number at early and late time. For η → 0−, we
obtain
χk(η)→
√
|η|
πν
{
sin(πν)Γ(1− ν)(kη
2
)ν − Γ(1 + ν)(kν
2
)−ν
}
, (30)
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where ν ≡
√
1
4 −
M2
eff
H2 . By calculating the Bogoliubov coefficients, one obtains the number of particle
created in the k mode as follows [31, 32]
|βk|2 = ωk
2
|φk(η)− i
ωk(η)
φ˙k(η)|2. (31)
In the case of
Meff
H ≫ 1, we obtain
|βk|2 ∼ H
3
32πm3
|Γ(1− im
H
)|2 exp(πm), (32)
which can give rise to an accelerating expansion phase. In the case
Meff
H ≪ 1, we will have
|βk|2 ≪ 1. (33)
In this case, we have two different states. The first is mH ≪ 1, with m → 0. The second is un–
physical, because the Bogoliubov coefficient βk is diverging [33]. In a semi classical procedure the
Bogoliubov coefficients allow to pass from a vacuum state to another one, and different classes of
f(R,T ) gravity change the vacuum states according to Bogoliubov transformation. Therefore the
Bogoliubov coefficients strictly depend on the form of f(R,T ) gravity, and minimizing the Bogoliubov
coefficients correspondingly minimize the rate of particle production. In doing so, we can fix the free
parameters of a given f(R,T ) model.
4 Minimizing the particle production rate in f(R, T ) gravity
Our strategy to minimize the rate of particle production and then constrain the free parameters of
a given model, is to use de-Sitter phase [34] i.e. R = R0 and the condition T = T0. By taking the
trace of field equation (9) and setting Tµν = 0, we obtain
R0fR(R0, T0)− 2f(R0, T0) = 4PmfT (R0, T0). (34)
We can define an effective cosmological term as
Λeff =
f(R0, T0)
2fR(R0, T0)
+
fT (R0, T0)
fR(R0, T0)
=
R0
4
. (35)
For the physical case mH ≪ 1 in the context of f(R,T ) gravity, the Taylor expansion of equation (32)
at first order is given by
|βk|2 = eπm
[
H3
32πm3
+ γ2
H
32πm
]
, (36)
where we use Γ(1 − imH ) ∼ 1 + iγmH , for mH ≪ 1 and Γ, γ are Euler function and Euler constant(γ ∼
0.577), respectively. Besides, in a flat FRW universe from equation (14) we can write
H2 =
1
3
(ρ(eff) + ρ(curv)). (37)
For the case of T = T0 and R = R0, we obtain
|βk|2 = eπm
[
1
33/232πm3
((1 + f0T )ρ0
f0R
− Λeff
)3/2
+
γ2
32
√
3πm
((1 + f0T )ρ0
f0R
− Λeff
)1/2]
, (38)
where f0T ≡ fT (R = R0, T = T0), f0R ≡ fR(R = R0, T = T0), f0 ≡ f(R = R0, T = T0) and ρ0 is the
value of standard matter–energy density for R0, T0.
5
Since the form of f(R,T ) is not known a priori, by evaluation of the different vacuum states for
some classes of f(R,T ) function according to Bogoliubov transformations, we can minimize the rate
of particle production. In doing so, we can fix the free parameters of a given f(R,T ) model. Some
interesting models of f(R,T ) gravity are
f1(R,T ) = R+ 2λT, (39)
f2(R,T ) = R+ εR
2 − T + T 2, (40)
f3(R,T ) = αR
n + βT−m, (41)
f4(R,T ) = R+R
n + δR−m + σT ℓ. (42)
The coefficients λ, ε, α, β, n,m, δ and σ can be fixed by equation (38). In order to do this, we require
the rate of particle production to be negligible or essentially as small as possible [35].
Now, we assume that the free parameters of equations (39)-(42) minimize the Bogoliubov coeffi-
cients. This procedure is performed by taking derivatives of |βk|2 with respect to the parameters of
the models and imposing them to be equal to zero. The results are summarized in the following Table:
fn(R,T ) num.param. minimize.
f1(R,T ) 1 1 + 2λ ≥ R04ρ0
f2(R.T ) 1 ε ≤ 4ρ0T0R2
0
− 12R0
f3(R,T ) 4 R0(nαR
n−1
0 − 1) + 4βmρ0T−m−10 ≤ 4ρ0 −R0
f4(R,T ) 5 nR
n
0 (1− mn δR−m−n0 )− 4ℓσρ0T ℓ−10 ≤ 4ρ0 −R0
Table 1: Table of minimizing condition for the free parameters of f(R, T ) models.
The equality sign corresponds to the state of vanishing Bogoliubov coefficients, whereas the inequality sign corresponds to the
state, where the Bogoliubov coefficients are not zero.
The free parameters in this Table, namely ρ0, R0, T0, can be set by using late–time and CMBR
cosmological constraints [36, 37]. Then, the values of model parameters, namely λ, ǫ, α, β, δ, σ, n,m,
are constrained through the inequalities mentioned in Table 1 for each f(R,T ) model. By any choice
of consistent modified f(R,T ) gravity, we find the following general inequality
fR(R,T )
1 + fT (R,T )
≤ 4ρ0
R0
, (43)
which for the special case of f(R) modified gravity reduces to the same result obtained in [28]
fR(R) ≤ 4ρ0
R0
. (44)
5 Conclusion
We have considered the role of particle production rate in the context of f(R,T ) gravity. In this
regard, we have obtained the Bogoliubov coefficients which provides a way to pass from a vacuum state
to another one. These coefficients can be connected to the Hubble parameter which strongly depends
on the functional form of a given f(R,T ) model. Thus, the particle production rate is related to the
specific form of f(R,T ) gravity. So, this is a procedure to constrain the free parameters of the model,
invoking a semiclassical scheme. We have assumed that the Bogoliubov coefficients can be minimized
in passing through different vacuum states, once the background is postulated. Particularly, we have
studied the de-Sitter phase R = R0, T = T0 and derived the Bogoliubov transformations for some
typical forms of f(R,T ) models. The Bogoliubov coefficients have been evaluated for a homogeneous
and isotropic universe, assuming that the particle production rate is negligibly small. This provided
us with the conditions on the free parameters of f(R,T ) models which have been reported in Table.1.
6
References
[1] S. Perlmutter, et al., MEASUREMENTS OF Ω AND Λ FROM 42 HIGH-REDSHIFT SUPER-
NOVAE, ApJ 517 (1999) 565.
[2] C. L. Bennett, et al., First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:
Preliminary Maps and Basic Results, Astrophys. J. Suppl. 148 (2003) 1.
[3] M. Tegmark, et al., Cosmological parameters from SDSS and WMAP, Phys. Rev. D 69 (2004)
103501.
[4] V. Sahni, Dark Matter and Dark Energy, Lect. Notes Phys. 653 (2004) 141, asrto-ph/0403324.
[5] K. Bamba, S. Capozziello, S. Nojiri and S. D. Odintsov, Dark energy cosmology: the equivalent
description via different theoretical models and cosmography tests, Astrophys. Space Sci. 342
(2012) 155, arXiv: 1205.3421.
[6] E. J. Copland, M. Sami and S. Tsujikawa, Dynamics of dark energy, Int. J. Mod. Phys. D 15
(2006) 1753.
[7] L. Amendola and S. Tsujikawa, Dark Energy; Theory and Observations, Combridge University
Press, Combridge; Newyork, (2010).
[8] J. Friemen, et al., Dark Energy and the Accelerating Universe, Ann. Rev. Astron. Astrophys. 46
(2008) 385, astro-ph/0803.0982.
[9] A. Kamenshchik, U. Moschella and V. Pasquier, An alternative to quintessence, Phys. Lett. B
511 (2001) 265.
[10] V. Gorini, A. Kamenshchik and U. Moschella, Can the Chaplygin gas be a plausible model for
dark energy?, Phys. Rev. D 67 (2003) 063509.
[11] B. Ratra and P. J. E. Peebles, Cosmological consequences of a rolling homogeneous scalar field,
Phys. Rev. D 37 (1988) 3406.
[12] R. R. Caldwell, A Phantom Menace? Cosmological consequences of a dark energy component
with super-negative equation of state, Phys. Lett. B 545 (2002) 23.
[13] S. Nojiri and S. D. Odintsov, Introduction to Modified Gravity and Gravitational Alternative
for Dark Energy, Int. J. Geom. Methods Mod. Phys. 4 (2007) 115;
T. P. Sotirio and V. Faraoni, f(R) theories of gravity, Rev. Mod. Phys. 82 (2010) 451.
[14] R. Ferraro and F. Fiorini, Modified teleparallel gravity: Inflation without an inflaton, Phys. Rev.
D 75 (2007) 084031;
G. R. Bengochea and R. Ferraro, Dark torsion as the cosmic speed-up, Phys. Rev. D 79 (2009)
124019;
E. V. Linder, Einstein’s other gravity and the acceleration of the Universe, Phys. Rev. D 81 (2010)
127301.
[15] S. M. Carroll, A. De Felice, V. Duvvuri, D. A. Easson, M. Trodden and M. S. Turner, The
Cosmology of Generalized Modified Gravity Models, Phys. Rev. D 71 (2005) 063513;
G. Gognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Class of viable modified f(R)
gravities describing inflation and the onset of accelerated expansion, Phys. Rev. D 73 (2006)
084007.
[16] T. Harko, F. S. N. Lobo, S. Nojiri and S. D. Oditsov, f(R,T ) gravity, Phys. Rev. D 84 (2011)
024020.
[17] L. Parker, Quantized Fields and Particle Creation in Expanding Universes. I, Phys. Rev. 183
(1969) 1057;
L. Parker, Particle Creation in Expanding Universes, Phys. Rev. Lett. 21 (1968) 562;
L. Parker, Quantized Fields and Particle Creation in Expanding Universes. II, Phys. Rev. D 3
(1971) 346.
[18] Ya. B. Zeldovich, STIMULATED LIGHT SCATTERING INDUCED BY ABSORPTION, Pisma
Zh. Eksp. Teor. Fiz. 12 (1970) 443, English Transl. JETP Lett. 12 (1970) 307.
[19] A. A. Grib, S. G. Mamayev and V. M. Mostepanenko, Particle creation and vacuum polarisation
in an isotropic universe, J. Phys. A: Math. Gen. 13 (1980) 2057; A. A. Grib and Yu. V. Pavlov,
Dark matter in the early universe and the creation of visible particles, Grav. Cosmol. 11 (2005)
119;
A. A. Grib and Yu. V. Pavlov, Superheavy particles and the dark matter problem, Grav. Cosmol.
12 (2006) 159.
[20] L. P. Grishchuk, Quantum Effects In Cosmology, Class. Quant. Grav. 10 (1993) 2449.
[21] J. D. Barrow, A. B. Batista, J. C. Fabris and S. J. M. Houndjo, Quantum effects near future
singularities, Phys. Rev. D 78 (2008) 123508;
A. B. Batista, J. C. Fabris and S. J. M. Houndjo, Particle Production in an expanding universe
dominated by dark energy fluid , Grav. Cosmol. 14 (2008) 140.
[22] Yu. V. Pavlov, Space-time description of scalar particle creation by a homogeneous isotropic
gravitational field, Grav. Cosmol. 14 (2008) 314.
[23] N. D. Birrell and P. C. W. Davies, Quantum fields in Curved Space, Cambridge University Press,
Cambridge, (1982).
[24] A. A. Grib, S. G. Mamayev and V. M. Mostepanenko, Vacuum Quantum Effect in Strong fields,
Friedmann Laboratory Published, St. Petersburg, (1994).
[25] V. F. Mukhanov and S. Winitzki, Introduction to Quantum Effects in Gravity, Cambridge Uni-
versity Press, Cambridge, (2007).
[26] S. A. Fulling, Aspects of Quantum Field Theory in Curved Spacetime, Cambridge University
Press, cambridge (1989).
[27] S. Capozziello, S. N. Lobo Francisco and J. P. Mimoso, Generalized energy conditions in extended
theories of gravity, Phys. Rev. D 91 (2015) 124019.
[28] S. Capozziello, O. Luongo and M. Paolella, Bounding f(R) gravity by particle production rate,
Int. J. Mod. Phys. D 25, No. 3 (2016) 1630010, arXiv: 1601.00631.
[29] V. F. Mukhanov and S. Winitzki, Introduction to Quantum Effects in Gravity, Cambridge Uni-
versity Press, (2007).
[30] C. Armendariz-Pinco and E. A. Lim, Vacuum Choices and the Predictions of Inflation, JCAP
12 (2003) 006, arXiv: hep-th/0303103.
[31] R. H. Brandenberger and R. Kahn, Hawking radiation in an inflationary universe, Phys. lett. B
119 (1982) 75.
[32] R. H. Bradenberger, Quantum field theory methods and inflationary universe models, Rev. Mod.
Phys. 57 (1985) 1.
[33] E. W. Kolb and M. S. Turner, The Early Universe , Adison-Wesley Reading, (1990).
8
[34] G. Cognola, E. Elizalde, S. D. Odintsov, P. Tretyakov and S. Zerbini, Initial and final de Sitter
universes from modified f(R) gravity, Phys. Rev. D 79 (2009) 04400.
[35] P. J. E. Peebles, Principles of Physical Cosmology, Princeton University Press, Princeton, (1993).
[36] S. Capozziello, S. Farooq, O. Luongo and B. Ratra, Cosmographic bounds on the cosmological
deceleration-acceleration transition redshift in f(R) gravity, Phys. Rev. D 90 (2014) 044016.
[37] P. A. R. Ade et al., Planck 2015 results. XIV. Dark energy and modified gravity, Astron. Astro-
phys. 594 (2016) A14, arXiv: 1502.01590.
9
